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ABSTRACT: The gauged sigma-model argument that string backgrounds related by T-
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siderations. The topological obstructions to gauging sigma-models give rise to obstructions
to T-duality, but these are milder than those for gauging: it is possible to T-dualise a large
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is expected that T-duality can be applied fibrewise in the general case in which there are
no globally-defined Killing vector fields, so that there is no isometry symmetry that can be
gauged; the derivation of T-duality is extended to this case. The T-duality transformations
are presented in terms of globally-defined quantities. The generalisation to non-geometric
string backgrounds is discussed, the conditions for the T-dual background to be geometric
found and the topology of T-folds analysed.
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1. Introduction

The two-dimensional sigma-model is a theory of maps from a two-dimensional space W to
a manifold M with a metric g and closed 3-form H. Remarkably, in certain circumstances
the two-dimensional quantum theory defined on (M, g, H) can be the same as that defined
by a sigma-model defined on a different manifold with different geometry and topology

(M,g, H). Of particular interest here is T-duality, where (M, g, H) and the dual geometry



(M g, H ) both have d commuting Killing vectors with compact orbits [1-19]. The T-duality
transformation from M to M can change the topology as well as the geometry [§—[, [L1, L2

If the target space of a sigma model has isometries, the field theory has corresponding
global symmetries. These can be promoted to local symmetries of the field theory by
coupling to gauge fields on W, and such a gauged sigma model is the starting point for
a proof of the equivalence of the dual sigma models. In [A-[], a gauged sigma model on
a larger space is constructed with the extra coordinates appearing as lagrange multipliers
imposing the condition that the gauge fields are pure gauge. Then two different gauge
choices give rise to two sigma-models with different target spaces, but as they arise from
two different ways of performing the same path integral, they give the same quantum
theory.

However, it is not always possible to gauge such an isometry symmetry: the potential
obstructions to gauging a sigma-model with non-trivial H were found in [2q-PR3] and their
topological interpretation explored in [@, P3 f}. It is also not always possible to T-dualise
a sigma model with isometries, but the obstructions are weaker than those for gauging and
there are ungaugable sigma-models that nonetheless can be T-dualised. Many special cases
have been discussed in the literature e.g. [, [l, [, [4], but there does not seem to have
been a general analysis. The purpose here is to find the conditions necessary and sufficient
conditions for a geometry (M, g, H) to have a geometric T-dual (M g, H ), and also the
conditions for there to be a T-dual with a ‘non-geometric’ target space [[[9). The conditons
found allow a geometric T-dual to be found for a more general class of geometries than
those discussed in [{|, {l, [[3, [[4]. The local form of the transformations of course agree with
those of ][], and the novelty is in the understanding of global considerations.

An important example is that of a torus bundle in which there are local solutions
to Killing’s equations that generate the torus fibres, but which do not extend to globally
defined vector fields. In this case, there are no isometries, and so the analysis of [}
does not apply. Nevertheless, it is expected that one can apply duality fibrewise in such
circumstances [R7. It will be shown here that there are potential obstructions to this, and
when these are absent a gauged sigma-model derivation of the fibrewise T-duality will be
given. The discussion involves addressing the question of whether one can generalise the
gauged sigma-model to the case of such torus bundles.

The action of the T-duality group O(d,d; Z) is usually presented in terms of fractional
linear transformations of g;; + b;;, but there are problems with this if b is only locally
defined and is not a tensor field. One of the aims here will be to give a careful global
characterisation of T-duality in terms of well-defined objects. This is an important pre-
requisite to reformulating the results in terms of generalised geometry, as will be discussed
elsewhere.

Suppose that (M, g, H) has d (globally defined) commuting Killing vectors k;,, m =
1,...,d, so that L,,g = 0 where L,, denotes the Lie derivative with respect to k,,, and
that H is invariant

LonH =0 (1.1)



The Lie derivative of a form is given by
Ly = tmd + dip, (1.2)
where ¢, is the interior product with k,, (using the conventions of [21]]) so that ([.1) implies
dipyH =0 (1.3)

and 1, typtnH, tmint,H are closed forms on H. The sigma-model action is invariant
under corresponding rigid symmetries provided ¢,, H is exact, so that

tmH = dop, (1.4)

for some globally-defined 1-forms v, [R(].
Given a suitable good open cover {U,} of the manifold M (in which each {U,} has
trivial cohomology), in each patch U, a two-form b* can be found such that

H = db* (1.5)
In the overlap U, NUg, the difference between the b’s must be closed and so exact, so that
b — b = dAYP (1.6)

for some one-form A®? in U, N Up (satisfying the usual consistency condition in triple
overlaps). Then b® is a local potential for the field strength H, and is determined by H up
to local gauge transformations

0b%* = d\* (1.7)

where A\ is a one-form on U,. The potential b need only be invariant up to a gauge
transformation, so that

L b = dwy, (1.8)
for a 1-form w, in U, given by
WS = Uy + L b (1.9)

To be able to T-dualise using the d Killing vectors requires that the orbits be compact,
so that M has a torus fibration with fibres 7. In [[f], T-duality was analysed for the case
in which a gauge can be chosen in which £,,b% = 0. However, such a gauge is not possible
for all patches in general. For example, such a gauge choice cannot be possible if there is
non-trivial H-flux on the fibres (i.e. if [ H is non-zero over a cycle of the T fibres). In [], a
global derivation of T-duality was given for one Killing vector (d = 1) for the case in which
tmH is exact. It was then argued that this condition can be relaxed by choosing coordinate
patches on M in which ¢, H is exact in each patch, and then patching together the gaugings
from the different patches. This was shown to work in some interesting examples, but the
questions as to whether such a patching is always possible and whether this extends to
more than one Killing vector were not addressed.

In [[i3, [[4] the case of principle torus bundles was discussed. Dimensional reduction
of H on the T? fibres gives forms Hs, Hy, H1, Hy where H), is a p-form on the base. It



was claimed that T-duality was possible if H; = 0, Hy = 0 and that otherwise there is an
obstruction. There is also a 2-form F5 on the base which is the curvature of the connection
on the bundle, and both Hs and F, take values in the Lie algebra of U(1)¢. The topology is
characterised by two integral cohomology classes on the base, the first Chern class [F5] and
the ‘H-class’ [Hs], and T-duality interchanges the two, so that [F3] = [Hs] and [Hs] = [F3].

Here the general case of simultaneous T-duality in d directions will be analysed, for
general T? fibrations (i.e. M need not be a principle torus bundle). In this article, only
the case in which the local U(1)? acts without fixed points will be discussed. First, in
the case of d globally-defined nowhere-vanishing Killing vector fields, the result is that the
condition for a geometric T-duality to be possible, i.e. one in which the dual is again a
manifold M with tensor fields g, H , are that the closed 2-form ¢, H is the curvature for
some line bundle, that ¢,,., H is exact and that ¢p,¢,tpH = 0. This includes cases in which
tmH is not exact, so that the original sigma-model is not invariant under the action of
U(1)%, and in which Hj is non-zero. This is then generalised to the case of torus bundles,
where a modification of the constraint on ¢y, ¢, H is found, while ¢y, 4,1, H = 0 is still needed.
The general form of the T-duality transformations are given in terms of globally-defined
geometric structures — of course, they agree with those given in [g, [ locally.

An important question is whether T-duality is possible under more general circum-
stances. In [[L9] it was argued that in certain cases the T-dual is a T-fold — a space which
looks locally like a manifold with g, H but where the transition functions between patches
involve T-duality transformations. Examples of such non-geometric string backgrounds
have been explored in [[],[27-34]. It will be shown here that the only condition for a
T-duality to a T-fold to be possible is that the constants ¢p,ty,tpH vanish, and no condi-
tion on ¢yt H is needed. In [R§], it was argued that T-duality of more general cases with
tmintpH # 0 is in fact possible, with a result that is a stringy geometry that does not look
like a conventional manifold even locally. (An alternative viewpoint was taken in [[[—[[g].
It was argued that if Hy # 0 and Hp = 0 the dual is a non-commutative geometry in [Id, [
and that if Hy # 0 then it is a non-associative geometry in [[[§].)

The plan of the paper is as follows. In section 2, a review is given of the gauging of
sigma-models with Wess-Zumino term and in particular of the obstructions to gauging.
Section 3 further examines the geometry of manifolds M that are torus bundles, with
a metric ¢ and closed 3-form H that are invariant under a U(1)? group action, and in
particular investigates the quotient geometry arising from the integrating out the gauge
fields in the corresponding gauged sigma-model with WZ term. There are problems with
the usual formulation of the T-duality transformations; for example, they involve non-
linear transformations of the 2-form gauge field which appear inconsistent with the 2-form
gauge symmetry. Geometric quantities are introduced in terms of which T-duality can be
expressed covariantly.

Section 4 shows that almost all of the obstructions to gauging a U(1)? group action
can be overcome by introducing a further d scalar fields. Geometrically, these extra scalars
correspond to the fibre coordinates of a d-torus bundle M over M , which is the doubled
torus of [[9]. These extra scalars can also be thought of as the extra lagrange multiplier
fields introduced in the sigma-model derivation of T-duality [l —[]. In section 5, the global



structure of M is analysed, and in particular the periodicities of the extra coordinates shown
to be inversely related to the periodicites of the fibre coordinates of M. It is seen that there
are some subtleties in identifying precisely which are the correct periodic coordinates.

Section 6 uses the results from the previous sections to re-examine the sigma-model
derivation of T-duality. The standard derivation gauges an abelian isometry and adds
lagrange multiplier fields constraining the gauge fields to be trivial. Then integrating out
the lagrange multipliers and gauge-fixing recovers the original geometry while integrating
out the gauge fields gives the T-dual geometry. Section 6 generalises this to a wide class of
geometries where the first step of gauging the sigma-model is not possible, and in this way
it is seen that the obstructions to T-duality are considerably weaker than the obstructions
to gauging a sigma-model. Nevertheless, there are some obstructions to T-duality and
these are carefully discussed. The T-duality transformations are expressed covariantly in
terms of geometric variables.

Section 7 examines more general torus bundles in which there is no action of U(1)?,
These are not principle bundles, and although Killing vectors exist locally, they do not
extend to global vector fields. The adiabatic argument suggests that T-duality can be
applied fibrewise in such situations, even though the general T-duality derivation of section
6 fails in this case. A more general construction is proposed that formally establishes
fibrewise T-duality in this case. Section 8 looks at a more general set-up in which the
transition functions involve B-shifts. Local application of the T-duality rules lead to a set
of patches of dual geometry that cannot fit together into a geometric background but which
do fit together to form a non-geometric background, a T-fold. However, a derivation of this
result using gauged sigma-models is not possible. In section 9, the discussion of T-duality
is extended to T-folds.

2. Gauged sigma models

The sigma model with target space M is a theory of maps ¢ : W — M. If X' are
coordinates on M and ¢ are coordinates on W, the map is given locally by functions
X?(o). The action is the sum of a kinetic term S, and a Wess-Zumino term Sy 7

So =Sy + Swz (2.1)

Given a metric g on M, the kinetic term is

1

= /W gij AX" N\ xdX? (2.2)

59:2

Here and in what follows, the pull-back ¢*(dX?) = 9,Xdo® will be written dX*, and it
should be clear from the context whether a form on M or its pull-back is intended. The
Hodge dual on W constructed using a metric hgp, is denoted .

The Wess-Zumino term is constructed using a closed 3-form H on M. If H is exact,
then there is a globally defined 2-form b on M with

H=db (2.3)



and the Wess-Zumino term is
1 A A
Swz = / ¢*b = —/ bz‘j dX* NdX? (2.4)
w 2 Jw
This can be rewritten as
1 A A
Swz =/ ¢o"H = g/ HijkdXZ AdXI AdXF (2.5)
174 1%

where V' is any 3-manifold with boundary W.

This form of the action can also be used in the case in which H is not exact. Then the
action depends on the choice of V', but the difference between the actions for two choices
V, V' with the same boundary W is

Swz(V) = Swz(V') :/ ¢*H = H (2.6)
V-V’ p(V-V")

where V — V" is the compact 3-manifold obtained from glueing V' to V' along their common
boundary with opposite orientations, and ¢(V — V") is the corresponding closed 3-manifold
in M. The result is a topological number depending only on the cohomology class of H
and the homology class of ¢(V — V'), so that the choice of V' does not affect the classical
field equations. The ambiguity in the choice of V' leads to an ambiguity in the Euclidean
functional integral [[dX]exp (—kS) by a phase

exp zk‘/ H (2.7)
p(V-V7)

where k is a coupling constant. The functional integral is then well-defined provided %[H ]
is an integral cohomology class (where [H] is the de Rham cohomology class represented
by H).

Suppose there are d commuting Killing vectors k,, with £,,H = 0. Then under the
transformation

6X' = o™kl (X) (2.8)

with constant parameter o' the action changes by

08 = / ¢ (" H) (2.9)
w
and this will be a surface term if ¢,,, H is exact, so that
tmH = dvp, (2.10)

for some (globally defined) one-forms v,,, which are defined by (R.10) up to the addition
of exact forms [R{]. This is then a global symmetry if ¢, H is exact.

Gauging of the sigma-model [2, R3] consists of promoting the symmetry (.§) to a local
one with parameters that are functions o (o) by seeking a suitable coupling to connection
one-forms C™ on W transforming as

5C™ = da™ (2.11)



It was shown in [R(, RJ that gauging is possible if +,, H is exact, and a one-form v, =
UmidX* can be chosen with ¢,, H = dv,, that satisfies

Ly =0 (2.12)
(so that ¢,,, H represents a trivial equivariant cohomology class) and
L Up = —lnUm, (2.13)
This defines globally-defined functions
Brn = LmUn (2.14)
satisfying B, = — By and £, By, = 0. The identity
tmtnH = LpUn — dim Uy (2.15)

together with £,,v, = 0 implies ¢t H is exact with

tminH = —dBmn, (2.16)
Finally
tmintpH =0 (2.17)
as LBy = 0.
The covariant derivative of X is
Do X' = 9,X" — C™k!, (2.18)
with field strength
g™ = dC™ (2.19)

The gauged action is [2(]
S = % /W 9i; DX ANxDX7 + /V <éHijkDXi ADXI ADXF+G™ A vmiDXl) (2.20)
which can be rewritten as (choosing a flat metric hq, = 1ap) B0, B3
So + /W (—c;nJ:;L + %cgbcg} [Gmnnab + aneabD (2.21)

where Sy is the ungauged action,

G = iK% K (2.22)
and
JgL = (kminab - Umieab)ain (223)
Introducing light-cone world-sheet coordinates 0% = (o+,07) with 7~ = €™~ = 1, this
can be rewritten as
So + / (=CTJh —C I, 4+ CT By CT) (2.24)
w



where

Enn = Gmn + Bmn (2.25)

and

The ungauged action can be written as
/ d*o &0, X'0_X7 (2.27)
w

where

Eij = gij + bij (2.28)

If E,(X) is invertible for all X, then writing the gauge fields C' = C + ® where

Cy=(EHY'J., C_=E'J_ (2.29)
gives
S’ =Sy — / d’c J (E~Yymn gt (2.30)
w
plus
Sp = /W d*0 @' Eppp @™ (2.31)

Note that C transforms as a gauge field under the local transformations (2.§) 6C = da [20],
so that ®7* are globally-defined world-sheet vectors. The action Sg involves no derivatives
so that the ® are auxiliary fields with no dynamics. The action (2.3(]) can be written as

/W d*o £;0, X'0_X’ (2.32)

where &;; has been transformed to
Ei; = Eij — (kmi + 0mi) (E™H)™" (Kimj — imy) (2.33)

This amounts to gauging using the connection C , and so is automatically invariant under
the local transformations (P.§).

If the isometry acts without fixed points and if g;; induces a positive-definite metric
on the fibres, then G,,, is invertible. The matrix F is degenerate at points X at which
there is a vector U such that E(Xy)U = 0, so that G, , U™ = —B,;,,,U™. This implies that
GmnU™U™ = 0 so that at X there is a Killing vector K (some linear combination of the
km) that becomes null. For positive definite Gy, this implies K (Xy) = 0 so that Xy is a
fixed point for K. Then F is invertible if and only if the isometry group acts without fixed
points.



3. The geometry of gauged sigma models

Suppose the abelian isometry group G generated by the Killing vectors acts without fixed
points. Then the quotient M /G defines the space of orbits N, and is a manifold. As
a result, M is a bundle over N with fibres G, with projection # : M — N. A form w
satisfying ¢,,w = 0 will be said to be horizontal, one satisfying £,,w = 0 will be said to be
tnvariant and one that is both horizontal and invariant is basic. Equivariant cohomology
is the cohomology of basic forms, and the obstructions to gauging can be characterised in
terms of this cohomology [Rd-PRH]. A metric g on M will be said to be horizontal if the
Killing vectors k,, are null and satisfy g(k,,,V) = 0 for all V| and a horizontal metric
which is invariant (Lg = 0) will be said to be basic. Basic metrics and forms on M can be
thought of as metrics and forms on N, as they are the images under the pull-back 7* of

metrics and forms on N.

3.1 A single Killing vector

Before proceeding to the general case, it will be useful to discuss the case d = 1 with one
Killing vector k. Let G = gl-jkikj, and it will be assumed that G is nowhere vanishing
(so that there are no fixed points). Then M is a line or circle bundle over some manifold
N, with fibres given by the orbits of k. It is useful to define the dual one-form £ with
components & = Gilgijkj , so that «£& = 1 where ¢ is the interior product with k. The

2-form
F=d¢ (3.1)
is horizontal
F =0 (3.2)
The metric takes the form
g=g+GERE (3.3)

where g(k,-) = 0 so that g is basic and can be thought of as a metric on the quotient space
N. In adapted local coordinates X* = (X, Y*) in which

0 _ 0
Xt 09X

and Y* are coordinates on NN, the Lie derivative is the partial derivative with respect to
X, so that g;;, H;ji are independent of X. Then

i

(3.4)

E=dX+ A (3.5)
where A = A,(Y)dY* satisfies tA = 0 and
dA = F (3.6)

Then A is a connection 1-form for M viewed as a bundle over N.
If the symmetry is gaugable, there is a globally defined v with tH = dv and

w =0, Lrv =0 (3.7)



Then
F =dv (3.8)

is also horizontal, LF = 0. In the adapted coordinates, v = v, dY*.
The 3-form H can be decomposed as

H=h+ (H)NdX =h+ (dv) NdX (3.9)
where h is a horizontal closed 3-form, th = 0 and dh = 0. As a result H = db where
b=b+vAdX (3.10)

and h = db. There are similar expressions using ¢ instead of dX

H=H+doAN{=H+FAE (3.11)
where
H=dh—FAA (3.12)
satisfies
dH =—-FAF (3.13)

and is horizontal, tH = 0, and so basic. Here H is a globally defined 3-form.

If the orbit of M is a circle so that M is a circle bundle, the topology is characterised by
the first Chern class, [F'] € H2(N). The topology associated with the b-field is characterised
by the cohomology class [F] € H2(N), and this will be referred to as the H-class. It will
be seen in section 5 that, when appropriately normalised, both correspond to integral
cohomology classes.

Next, consider the geometry (M,¢’, H') obtained by gauging k and eliminating the

gauge field. It is given by (R.33), which implies
Ei; = & — (G& +§)G7H(GE — &) (3.14)

and the notation & = v; has been introduced for comparison with later formulae. The
symmetric and anti-symmetric parts give

gl = 9ij — G&& + GTIEE;, bij = bij — &&5 + &i&; (3.15)

Then
J=9-GERE+GEE=g+G {0l (3.16)

and
H=H-FN+ENF=H+EAF (3.17)

are both horizontal, using (£ = 0,
LH' =0, g (k,-)=0 (3.18)

as well as invariant. This is sufficient to ensure that 6X* = ak® is a symmetry of the sigma
model on (M, ¢', H'). The Killing direction is null for the metric ¢’. One can then take the

,10,



quotient with respect to the isometry to obtain a sigma model on the quotient space IV,
with geometry (N,g’, H'). More physically, the local symmetry can be fixed by choosing
X (o) = Xy for some point on the orbit and the sigma model reduces to one on N with
coordinates Y#. This amounts to choosing a section of the bundle, and in general there
will not be a global section, so that one may need to choose different gauge choices X¢ over
each patch in N.

3.2 Several Killing vectors

Consider (M, g, H) with d commuting Killing vectors, and suppose that G, and E,,, are
invertible everywhere. It is useful to define the one-forms £™ with components

&' =G gkl (3.19)

so that they are dual to the Killing vectors

" (kp) =0", (3.20)
and satisfy
i F" =0 (3.21)
where
™ =dem (3.22)
The metric can be written as
9g=9+Gmn§" ®L" (3.23)

where g is a basic metric with g(k,,-) = 0 so that it can be viewed as a metric on N.
In adapted local coordinates X* = (X™,Y*) in which
0 0

the Lie derivative is the partial derivative with respect to X™, so that g;;, H;;; are inde-
pendent of X™. Then
EM=dX™m™ 4+ A" (3.25)

where A™ = AT (Y)dY* satisfies ¢, A" = 0 and
dA™ = F™ (3.26)

satisfies ¢,, F'™ = 0. The A™ are connection 1-forms for M viewed as a bundle over N.
Any form on M can be expanded using either the forms dX™ defined in a local coor-
dinate patch, or using the globally-defined one-forms ™. From (R.14),

for some globally-defined basic one-form &,,. Defining the basic 2-form

Ep = dép, (3.28)

— 11 —



one has
dvy, = Fy — By F™ — dBypp A E™ (3.29)

Note that dB,,, is basic. The 1-forms & are given in terms of v by

Em = [m — (tnvm)E"] + (B + tnvm) A™ (3.30)
The 3-form H can be written as
_ 1 1
H=H+ (tnH) N+ §(LanH) NEMAE™ — E(LanLpH) ANE™NE™ NEP (3.31)

where ¢, H = 0. Using (2.10), (R.1€), (R.17) this becomes

_ 1
H = H + (dvy,) NE™ — §(dan) NET AL (3.32)
giving
_ ~ 1
H=H+ (F,, — By, F")NE™ + §(dan) ANEM AL (3.33)
or equivalently
H=H+F, " +dB (3.34)
where 1
B = §an§m AET (3.35)

is a globally-defined 2-form. Closure of H requires that H satisfy
dH = —Fp ANF™ (3.36)

As H is basic and H + F,, A &M is closed,

H+F" A& =H+Fpy AE™+d(E™ A&) (3.37)
is closed and basic, and so locally this is db where b is a basic 2-form. Then locally H = db
where

b=b+&"N&n+ B (3.38)
and
H=db—F"NEy, (3.39)

There are now d 1st Chern classes [F™] € H2(N) and d H-classes [F,,] € H2(N).
Consider now the geometry (M, ¢', H') arising from eliminating C, given by (2.33).
Rewriting in terms of &, ¢, a remarkable simplification occurs. The equations (B-19), (B-27)
imply
kmi — Ui = mng” — Em, kmz‘ + VUmi — nm§” + Em (3.40)
so that
J- = (Bpn€l = &mi)0-X", Ty = (Bumé&] + &mi) 01 X (3.41)

and the induced connections C are

Cm = (&" — (BE7Y)™&)0_ X",  CT = (&" + (E7)"™E&)0. X' (3.42)

1

- 12 —



Using (B.29), this can be rewritten as
CM = AT'9, X' + ®™ (3.43)

where ®™ is a globally-defined one form on W constructed using &, plus a pure gauge term
9, X™. Thus the connections C and C on W are given by the pull-back of the connection A
on the bundle M — N, plus global one-forms, so that the U(1)? bundle over the world-sheet
is the pull-back of the torus bundle over V.

The new geometry obtained by integrating out the gauge fields is given by

5@',3' = &ij — (Epmgf + 5mi)(E_1)mn(Ean]q- - gnj)

= &ij — & Emnl} + Emi(B™1) ™ Enj — Emil]" + & Em; (3.44)
Defining the symmetric and anti-symmetric parts
Gmn = (B~ pmn = (pt)lmn (3.45)
the geometry is given by
J=9- Gt @+ G0, (3.46)
b = b—En AE™ — E"Bn€l + EmiB™"En; (3.47)
Using (B.29), B
g =g+G"En ®&n (3.48)
while B
H =H-F,AN"+&, NF™ (3.49)
so that from (B.34)), (B.33) B
H =H+§&, NF™+dB (3.50)
where Y 1e )
B = §Bm"§m Aén (3.51)
Thus the gauging together with elimination of gauge fields leads to the changes
9=g+Gul" 0" =g =g+0"E 0, (3.52)
H=H+F,AN"+dB—H =H+¢&,ANF"+dB (3.53)

which then interchanges ¢ with £ and takes E — E~1.
Note that ¢/, H' are invariant and horizontal with respect to all of the Killing vectors

tmH' =0, g (km,) =0 (3.54)

so that the sigma-model on (M, ¢’, H') is invariant under the local symmetries 6 X* = a™k¢, .
This can be checked directly, or by noting that eliminating any one of the C), gives a
geometry that is horizontal with respect to the corresponding Killing vector, and then
repeating the argument for each of the d gauge fields in turn. Again one can take the
quotient under the action of the isometry group to obtain a sigma model on (N, ¢, H').
This can be thought of as fixing the symmetry by choosing local sections of the bundle,
fixing all of the coordinates X", so that the sigma model reduces to one on N with
coordinates Y*.
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3.3 Global symmetries

Suppose the orbits of each of the k,, are periodic, so that M is a torus bundle over N.
The general Killing vector with periodic orbits is of the form )  N™k,, where N™ are
integers. One can then change from the basis {k,} to a new basis {k/,,} of Killing vectors
with periodic orbits

kL = LKy, (3.55)

where L,," is any matrix in GL(d,Z). The components of G, Bymn, &, U, in the new
basis are then

G'=LGL', B =LBL, ¢=IH)" J=10Lv (3.56)

This gives a natural action of GL(d,Z) in which upper indices m transform in the vector
representation and lower indices transform in the co-vector representation. The periodic
coordinates X™ adapted to k;, and the coordinates X'™ adapted to k!, with

) )
ke = = k= :
oxm’ tm = pxm (3:57)
are related by
X" =(LY,mx" (3.58)

which is a large diffeomorphism of the torus.

The metric and b-field are given in terms of G, Bin, ™, 0. Then G', B’ v, ¢
determine the same geometry as G, B, v, if they are related by a GL(d, Z) transformation,
as one is transformed to the other by a change of basis. Then GL(d,Z) is a symmetry,
as target spaces related by the action of GL(d,Z) are equivalent and determine the same
physical models.

A shift

By — By + ﬁmn (359)

where (,,, are constants leaves H unchanged and so the classical physics is unaltered. The

action changes by

1 / BrondX™ A dX™ = / 3 (3.60)
2 Jw S(W)

which is the integral of the 2-form 3 over the embedding of the world-sheet in the target
space M. For compact world-sheets, this gives a contribution of exp ik [ 3 to the functional
integral and so this will be a symmetry provided %B represents an integral cohomology
class.

Then the theory is invariant under GL(d, Z) and integral shifts of B, in the sense that
acting with these gives a physically equivalent theory. For non-compact fibres, the situation
is similar but the symmetries become the continuous symmetries of GL(d, R) and arbitrary
constant shifts of B.
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4. Gauging the ungaugable

Consider now the general case in which (M, g, H) is invariant under the action of an
abelian isometry group with £,,H = 0 but in which the conditions for the gauging of
the corresponding sigma-model are not necessarily satisfied, so that their consequences
discussed in the previous sections also do not apply. Then ¢,, H is closed but need not be
exact. Given a suitable good open cover {U,} of M, in each patch U, a one-form v%, can
be found such that

it H = duy, (4.1)

In the overlap U, NUg, the difference between the v’s must be closed and so exact, so that

v — v = d\%P (4.2)
for some A*?. Then in triple overlaps, A*? + A% + \7® = ¢®37 for some constants c¢*?7. If
these constant cocyles vanish in all triple overlaps, then each v, is the connection for some
line or circle bundle over M, and we now restrict ourselves to this case. This can be viewed
as a restriction on the group action on the B-field. There are then d such connections v,,,
so that they combine to form the connection for some bundle M over M with d-dimensional
fibres. In the next section, it will be seen that this should be taken to be a torus bundle,
with fibres U(1)¢. Choosing fibre coordinates X,?,‘L over each patch U,, with transition
functions

X2 - X8 = _)\oB (4.3)

then
Oy = dX2 + 0% (4.4)

are globally defined 1-forms on M as 0y, = 1751 over U, N Ug. In this section, it will be
shown that the sigma model on M can be lifted to a sigma-model on M and that under
certain circumstances the isometries can be lifted to gaugable ones on M, even if they were
ungaugable on M.

Then M with coordinates X! = (X, X,,) = (YH,Xm,Xm) is a bundle over M with
projection 7 : M — M with 7 : (X%, X,,) — (X?). A metric § and closed 3-form H can be
chosen on M with no X, components, i.e.

g=rm"g, H=n"H (4.5)

where 7* is the pull-back of the projection. The pull-back will often be omitted in what
follows, so that the above conditions will be abbreviated to § = g, H = H. Then the
only non-vanishing components of gr; are g;; and 0/ dX,, is a null vector, while the only
non-vanishing components of H; JK are Hjp.

It will be convenient to lift the Killing vectors k,, on M to vectors l;:m on M that act
on X,, as well as X' so that

b = km + @mni (4.6)
0X,
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for some ©,,,. For l;:m to be vector fields on M requires, using (@), that ©,,, have
transition functions

0% —08 = _—i,d\ (4.7)

As g, H are independent of X , the ky, are Killing vectors on M:

L =0,  LnH=0 (4.8)

For any choice of ©,,,, there is an action generated by the Killing vector fields Ky, on the
space (M B H ) and we now turn to the question of whether this satisfies the conditions
for gauging reviewed in section 2. If i,,, denotes the interior product with l%m, then

tmOn = tmUn + Omn (4.9)
If ©,,,, is chosen to be
Omn = Bimn — tmUn (4.10)
for some antisymmetric By, = —Bnm, then
LnOn + LnUm = 0 (4.11)
Further, as dv = dv,
imH = diy, (4.12)

Next, the Lie derivative of © with respect to k is

Loy = iminH + dipyOp = timinH + dBpy, (4.13)
so that if
tminH = —dBmn (4.14)
then
Lomtn =0 (4.15)

Then © has the transition functions ([.4) provided B, are globally defined functions on
M, By, = Bgm, and this together with ) implies that ¢,,t, H is exact.

Finally, consider the algebra for the isometries generated by the k. The Lie bracket
is

PO 0
km,kn] = 2L1,0 01, —— 4.16
[ ] [ Ip ox, ( )
Using (U.14) and L,,, Bpp = tmdBpy, since By, is a 0-form, one finds
LyBrp = —tmintpH (4.17)
while ([L.1]) implies
2Lmtn)Vp = —tmintpH (4.18)
Then the Lie bracket is 5
l%m,l%n = —(tmintpH)—— 4.19
] =~y )= (4.19)
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so that the algebra is abelian if
tmintpH =0 (4.20)

If this holds, then (f.17) implies that B,,, is constant along the orbits of k:
LBy =0 (4.21)

Then B,,, are basic and can be regarded as functions on N.
There are a further d vector fields on M defined by

“m 0

K= ——— 4.22
S (4.22)

and as g, H are independent of Xm, these are Killing vectors preserving H. Then M has 2d
commuting Killing vectors km,%m Assuming G, = g(l%m,l%n) = g(km, ky) is invertible,
the one forms

£m =G g rkldX7 = ¢m (4.23)

are the same as £". The one-forms gm defined by
B = Em — Bnn&" (4.24)

are horizontal with respect to K.
It is useful to choose local coordinates (X, X,,,Y*) adapted to the 2d commuting

isometries, so that
R 0 ~ 0
kpm = —, KM= ——— (4.25)
axm 0Xm

The required change of coordinates is

Xm=xm
YH = YH
X = Xon + fm (4.26)
where f,,(X™,Y*) satisfies
of
aX’fL = —Opm (4.27)
so that
dX; = dXpm — OpmdX™ + fr  dY" (4.28)

The integrability condition 9;,0,,,,, = 0 for ([.27) is satisfied as a result of (.20). Then
in the coordinate system (X™, X,,, Y*) many of the results derived in section 3 can be
applied. In particular,

Em = dXom + A (4.29)

where gm = gmudY“ is a connection one-form that is horizontal with respect to km,%m,
and
F,, =d&, =dA, (4.30)
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is also horizontal.

Then the geometry (M g, ) with doubled fibres can be constructed provided the
closed 2-form ¢, H is the curvature for some line bundle. The sigma-model on (M g,H )
has an abelian isometry symmetry generated by the ky, which can be gauged precisely
if the original geometry (M, g, H) has as an isometry generated by the k,, satisfying the
two conditions that (i) ¢yt H is exact, so that there are well-defined functions B, on
M satistying ([E14), and (ii) ¢pentpH = 0. These are considerably weaker than the con-
ditions needed for the isometry of (M, g, H) to be gaugable; here v need not be globally
defined, and is not required to satisty either L,,v, = 0 or ¢, = —LpUy,. A more general
construction in which condition (i) is relaxed will be discussed in later sections.

The gauged action is now obtained by inserting the appropriate hatted objects in (2.2)

or (R.21)). The action (R.20) becomes

1 ) . 1 - ; O
S = 3 / gi; DX AN xDX7 + / <§Hz‘jkDXZ ADX? ADXF 4+ G™ A @mIDXI> (4.31)
w |4

where
D X! =8, X" —cmkl, (4.32)
so that
DXy = 0a X + 0 C" (4.33)
The action can be rewritten as
R N 1
$ =5+ / (—c;"J,z +5CCy [Gmnn“b + aneabD (4.34)
w
where
Je = J% — Py X,, (4.35)

(Note that gy k;,dX! = g;;ki,dX7, and €™ = €™ is dual to ky,.)
As before, shifting the gauge fields C gives the action (R.31) plus

S =S / 2o Jo(E-1ymm ji+ (4.36)
W
so that the original action
So = / o €150, X10_X7 = / d*0 £;0, X'0_X7 (4.37)
w w

is changed by replacing &1y with

~

S}J = é[J — (iﬂm[ + @ml)(E—l)mn(ka — @mj) (4.38)

which can be rewritten as

5}] = glJ - (Epmé? + gm[)(Eil)mn(Enqé:q] - gnJ) (4-39)
with symmetric and anti-symmetric parts
g =9— G @& + G @ & (4.40)
~ 1 1~ ~ ~
bV =b—& NE™ — §an§m ANE™ + §Bm"§m N (4.41)
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5. Global structure and large gauge transformations

In the last section, it was seen that adding extra coordinates X enables one to overcome
obstructions to gauge a wide class of sigma-models. This involved replacing v with v =
dX + v and the gauged action S (E:34) differs from (R.21)) by an extra term proportional

to ¥ — v,
/ C™ N dX (5.1)
w

Suppose that the orbits of the k,, are compact, so that X™ are periodic coordinates on
a torus. Then the question arises as to whether the new coordinates are also periodic.
In [[f], it was argued that the invariance of the extra term in (B.J]) under large gauge
transformations requires that X be periodic, However, the situation is complicated due
to the fact that X is not invariant under the transformations generated by k, and the
action Sp in (.21)) may not be invariant under large gauge transformations in general. In
this section, it will be shown that )Z'm are periodic coordinates for a torus dual to the
X™ torus. Note that from (.26), periodicity conditions for X are not consistent with
periodicity conditions for X unless the components of ©,,, are rational numbers, and as
O varies continuously over N this will not be the case in general. WIth the coordinates
X periodically identified, the orbits of the k™ are periodic and the space M is a torus
bundle over N with fibre 72,

5.1 Simplified form of gauged sigma-models

Consider the gauged sigma-model on (M, g, H) discussed in sections 2,3. As
H=H+F, " +dB (5.2)

where

B= %angm A€ (5.3)

is a globally-defined 2-form, the pull-back ¢*B defines a WZ-term fW ¢* B which can be
gauged by minimal coupling. The gauged action is then the sum of the minimal coupling

term

1 . . 4 .
Smin = 3 /W 9iiDX' A +DX + B " DX A DX? (5.4)

and a non-minimal term

1 ) ) _ .
S on—min = / <§(H —dB)yjxDX* A DXI A DX+ G™ A §m,~DX’> (5.5)
1%

which can be rewritten locally as

Snon—min = / (b - B)+C™A gm = / d*o ™ <%(b - B)z‘jaaXiaij + anfmiain>
w w
(5.6)
where ¢ is defined by ()
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For the sigma-model on (M , g, H) with the action of k gauged, similar formulae apply
with

1 . ) ~ )
S on—min = / <§(H —dB);jxDX' A DXI A DX* 4 G™ A gmiDX’> (5.7)
Vv

The corresponding two-dimensional action is
Snon—min = / (b - B) + C™ A gm (58)
w

5.2 Large gauge transformations and global structure

A homology basis of one-cycles on M (VYn, Y™, v4) can be chosen so that 7, is the one-cycle
generated by k,,, 7™ is the one-cycle generated by k™, and v4 are one-cycles on IN. Then
the periods are

" = 27 R0, ]é Em = 2T R0 (5.9)
,yn

Tn

for some R,,, ]Eém, and in the adapted coordinates this determines the periodicities
XM~ X" 4 27R™, Xy~ Xy + 27 Ry, (5.10)

From the form of the minimal couplings, for any 1l-cycle g on W, the Wilson line fg C
transforms under a large gauge transformation g : W — U(1)¢ with winding numbers N™
(m=1,...d) around v as

fcm — jfcm +2r N R™ (5.11)
g g

Then the change in the term [ C™ A gm in the non-minimal action (f.§) will leave the
functional integral invariant provided the radii are inversely related, so that for each m

297kRym Ry € 7 (5.12)

The ambiguity in the three-dimensional form of the non-minimal term (f.7) for two
3-manifolds V, V'’ with the same boundary W is the integral over the compact 3-manifold
V-V

1 ~ 4
Snonfmin(v) - Snonfmin(v/) = 5/ gm A gszXZ (513)
V-V’
The integral of G over any 2-cycle I' € W is
/ Gg" =2rNR™ (5.14)
r

for some integer N. Then the integral over the compact 3-manifold V' — V'’ will not affect
the functional integral provided the same condition (5.14) is satisfied.

Thus the torus generated by the k with coordinates )?m is dual to the torus generated
by the k with coordinates X", with inversely related periodicities (p.14). A convenient
choice is to take R, = 1, R = 1/(2rk) for all m. For each m, X™/R™ has period 27 and
C™/R™ is conventionally normalised, so that for any 2-cycle I' € N

/ " = 2rNR™ (5.15)
r

,20,



for some integer N, so that (27 R™)~![F™] represents an integral cohomology class for each
m. The condition that (k/27)[H] is an integral cohomlogy class implies from (B.34) that
(k/ 27T)[F AE™] should also be an integral cohomology class. -~ Using (@), this implies that
kR [Fy] be integral, and using (5.19) this implies that (27 R,y,)~ [ F,,] is integral, so that
the topology is partially characterised by d Chern-classes (27 R™)~![F™] and d dual Chern
classes or H-classes (2 Ry, ) [Fyn] in H2(N,Z).

Consider now the integration over X,, for arbitrary W, following [B, i, [i]. On a general
Riemann surface W, X,,(0) can be written in terms of a function z,,(c) and a winding
term, so that

dX . (0) = dzp(0) + > 20N}, Rynwr(0) (5.16)

where {w, } is a basis of harmonic 1-forms on W (normalised to have integral periods) and
N are integers. Then the only dependence on X of (b.g) is through the term C™ A d)zm,
so that using (p.16), the functional integral over X, becomes a functional integral over x,,
and a sum over the integers N,. The z,, are lagrange multipliers imposing the constraint
g™ =0, so that C"™ are flat connections, while the sum over the integers V], imposes the
constraint that the Wilson lines § C' all vanish, so that the connection C' is pure gauge.
Then a suitable gauge choice is C' = 0, in which case the ungauged model is recovered.

6. T-duality

6.1 T-dualising on d circles

If X™ are coordinates on a torus, the )?m are coordinates on the dual torus. M is a T
bundle over N, and M is a torus bundle over M and so a T2% bundle over N. With these
periodicities, it was seen in the last section that X, is a lagrange multiplier imposing
the condition that C' is pure gauge, and so can be set to zero by a gauge choice, and the
ungauged model on (M, g, H) is recovered. Then the gauged model on (M, g, H) (E31)
or (#.34) is equivalent to the ungauged model on (M, g, H) for any W. However, one can
instead integrate out the gauge fields C' to get a sigma model with geometry (M g, H')
given by ([39) or (f4(Q). This still has the local gauge symmetry (R.§), and d taking the
quotient by the isometry group generated by the kyn, gives a sigma-model on M the space
of orbits, with metric § = ¢’ and 3-form H = H’'. Then the sigma-model on (M g,H)
is equivalent to that on (M, g, H) as they define equivalent quantum theories, since the
functional integrals are related by different gauge choices for the master sigma-model on
M. The projection from the model on M to that on M can be thought of as a gauge-fixing
of the isometry symmetry by setting the X to constants locally.

The formulae from section 3 can be 1mmed1ately applied to this case of the gauging of
the sigma-model on M, with the replacement 5 — f For d = 1, from (B.1f), the metric g
on M and dual metric g on M are



while the 3-form H and dual 3-form H are, using (B.17),
H=H+¢AF
H=H+E{AF
and H is a 3-form satisfying
dH =—-FN\F

where

F=d¢, F=df

(6.5)

(6.6)

There is a Killing vector £ on M dual to &, with g(k, V) G¢(V) for any vector field V,
and a Killing vector k on M dual to 5 The forms H, F, F are basic with respect to k on M
and with respect to kon M , so can be viewed as forms on N. These transformations agree

with those found by Buscher locally, but are given in terms of globally defined objects. In

local coordinates adapted to the Killing vectors,

and

E=dX+A
£=dX +A

There is a stralghtforward generalisation to T-dualising on d circles.

(6.7)

Us-

ing (), (B.53) with E— 5, the original geometry (M, g, H) and the dual geometry

(M g,H) are given by
g:§+Gmn£m®£n
g=g+G"n®&
and
H=H+F,N"+dB
H=H-+&, \NF"+dB
Here £ = G + B and
émn _ (Efl)(mn)’ Emn _ (Efl)[mn]

while 1 1
B = §an£m NE", B = §an£m Nén
and
F™ = dg™, Fn = dém

while H satisfies
dH = —F,, NF™
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There are d Killing vectors k,, on M dual to £™ and d Killing vectors k™ on M dual to 5
and the forms H, F™, F,, are basic with respect to k,, on M and with respect to k™ on

M , so can be viewed as forms on N. In adapted local coordinates

0 ~ 0
kg = ——, k™= —— 1
oxm X, (6.18)
and
& = dX™ + A" (6.19)
€ = dXpm + Ap, (6.20)

Thus the effect of T-duality is to change the bundle M over N with fibres generated
by k,, to the dual bundle M over N with fibres generated by k" while the geometries are
interchanged by

& e & (6.21)

and
E—E=E" (6.22)

This implies that the 1st Chern classes are interchanged with the H-classes, which are the
dual 1st Chern classes

[F™] < [Fin] (6.23)

6.2 The action of O(d,d;Z)

The geometry of a T bundle (M, g, H) with d Killing vectors satisfying the conditions of
section 4 is specified by the base geometry on N specified by g, b, the 2d vector potentials
Am,ﬁm’ and the scalars Gy, Bin. The base geometry is then (N, g, H) with H given
by (B.39). There is a natural action of GL(d,R) on A™, Zm, and Gy, Bmn and it was seen
that the transformation under GL(d,Z) or under integral shifts of the B field takes the
geometry to one defining the same quantum field theory. The T-duality transformation
discussed in the last subsection dualises in d circles to obtain a dual geometry (M ) 5,1:11 )
defining the same quantum theory. Such a T-duality transformation can be applied to any
d" < d of the circles, giving further dual geometries. The group generated by GL(d,Z),
integral B-shifts and the T-dualities on any d’ < d circles is O(d,d;Z). The action of
0(d,d; Z) is given as follows.
Consider an O(d, d) transformation by

ab
- (21). oo

where a, b, ¢,d are d X d matrices. This preserves the indefinite metric

01
L:(lo) (6.25)
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so that
R'Lh=L = d'c+ca=0, bld+db=0, a'd+cb=1. (6.26)

The transformation rules for E give the non-linear transformation of £ under a T-duality

transformation h € O(n,n) [{, i
E' = (aE +b)(cE +d)". (6.27)

The 2d 1-forms &, 5 combine into a 2d vector of 1-forms
é‘m
=2 (6.28)
<§m

/:h—l

[11

transforming as a vector under O(d, d):

(1]
(1]
(1]

—

(6.29)

The group O(d,d, Z) consists of matrices (6.24) with integral entries.

The GL(d;Z) subgroup is
Lo
hr = 6.30
L (0 L) (6.30)

where L,," € GL(d;Z) and L = (L*)~!. The subgroup of B-shifts B — B + 3 is through

matrices of the form
10
hg = 6.31
3 (0 1) (6.31)

for integral 5. The subgroup I'(Z) of matrices of the form

hp = (g i) (6.32)

plays an important role, and will be referred to as the geometric subgroup.
The transformation T-dualising in all d circles is

01
hp = <]l 0) (6.33)

=dX+ A (6.34)

In adapted coordinates

(11

where, introducing O(d, d) vector indices M =1,...,2d,

AM = (%:) XM — (i%:) (6.35)

also transform as a vector under O(d, d):

A=A =hrtA X=X =h1X (6.36)
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Then the X are fibre coordinates for a 7%¢ bundle over N with connection 1-forms A [[9].
There are 2d field strengths F = d.A, and the corresponding 1st Chern classes [F] trans-
form as

[F] = [F] =77 (6.37)

Then the d Chern classes and the d H-classes fit into a 2d-dimensional representation and
are mixed together under the action of O(d,d;Z).

7. Torus fibrations

7.1 Local Killing vectors

For string theory on a space that is a K bundle, i.e. a bundle whose fibres are some space
K, there are general arguments [R7] that any duality that applies to string theory on K
(e.g. mirror symmetry if K is Calabi-Yau, or T or U dualities if K is a torus) can be applied
fibrewise, giving a fibration by a dual string theory on a space whose fibres are the dual
space K. In the present context, this implies that it should be possible to apply T-duality
to any space with a T¢ fibration. However, the arguments discussed so far have been based
on the case where there is an isometry group generated by globally defined Killing vector
fields. In this section, these will be generalised to general torus fibrations, which do not
have globally defined Killing vector fields. The aim of this section is to give a direct proof
that T-duality can be applied fibrewise, and to examine whether there can be obstructions
to fibrewise T-duality.

In general, a T¢ bundle over N can have GL(d,Z) monodromy around each 1-cycle y
in N, with the fibres twisted by a large diffeomorphism on 7%, so that if k,, are the vector
fields generating periodic motions along the 7% fibres, then continuing k,, round ~ brings
it back to a linear combination L,,"(7y)k, of the vectors k,,. Then although there are
locally defined Killing vectors, they do not extend to global Killing vector fields — if one
tries to analytically continue a solution of Killing’s equation to the whole space, non-trivial
monodromy would imply that the vector field is multi-valued.

Suppose then that in each patch U, of M there are d Killing vector fields k%, such that
Lynmg =0, L,H =0 in U,, and that in each overlap U, N Ug

kS = (Log)m"™ kD, (7.1)

m
for some matrix (Lag)m" in GL(d,Z).! It then follows that objects constructed from ky,

and carrying indices m,n... now have GL(d,Z) transition functions. For example, from
their definitions it follows that G, £ have transition functions

Go = LGsL!, &, =L&s (7.2)

where L = L,3 and L™, is given by L = (LY)~!. Objects such as G, ¢ carrying indices
m,n ... whose transition functions are just the GL(d, Z) transformation in the appropriate
representation will be referred to as tensors.

IThe indices a, § indicate the patch in which the corresponding function has support, while the composite
index af indicates a function in the overlap U, N Ug. There is no significance here as to whether they are
subscripts or superscripts.
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If X' are coordinates adapted to k%, so that k%, = 0/0X", then

EN =dX + AL (7.3)

and
AT = (Lop) ™ n A + dpl (7.4)

and
Xy = (Laﬁ)mnXg - Pglﬁ (7.5)

for some P These are not tensorial patching conditions. The transition functions for

the coordinates X are an affine transformation, so such a bundle is sometimes referred to

as an affine bundle. Here pgj satisfies tdp™ = 0, and so is a function on the base N.

The transition functions then act by a large diffeomorphism of the torus together with a

translation of the X, and so define an affine torus bundle rather than a principle one.
Next, as (% H = (Lag)m”LgH (where ¢, is the interior product with k)

dv2, = (Log)m"dv? (7.6)
so that ([£3) is replaced with
05 — (Lag)m" vl = dXOP (7.7)
Then
Uy, = dX,, + vy, (7.8)

will have covariant transition functions

Uq = Lig (7.9)
provided
X2 = (Lag)m" X2 — 22 (7.10)
The transition functions for © are now
0%, — LinPLp 100, = —1,,dA3° (7.11)
The one-forms gﬁl defined by
0% = & — Bo, &8 (7.12)
will be tensorial, with
&= (Lap)m"€n (7.13)

provided the B,,, are tensorial, B* = LBPL!. This condition will be assumed to be the
case in this section, but more general transition functions for B,,, will be discussed in
section 8. The 1-forms £ take the form

€0 = dXe + A% (7.14)
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after the change of coordinates ({.26), ([.27) in each patch U,. From (.10), (7.11), (&.24),
(1.27), it follows that 0, (X5 — (Lag)m"Xﬁ) = 0 so that there are functions g on N such
that the patching conditions are

A% = (Log)m" AP + dpo? (7.15)
and
X2 = (Lag)m" X2 — p2f (7.16)

Then the bundle M over N with fibres X and connection A is a dual affine bundle.

If M is a T bundle over N, one can choose a cover for M of sets U, ~ U, x T% where
U, is an open cover of N. The transition functions discussed above are then all functions
on intersections U, N U, 3in N.

7.2 Symmetries of torus fibrations and their gauging

In this section, geometries (M, g, H) that are torus fibrations with local Killing vectors with
transition functions ([J]) will be considered. The formal symmetries of the sigma-model
on (M, g, H) that are associated with such local Killing vectors will be discussed and their
gauging analysed. This will then be used to discuss the symmetries and gauging of the
space (M , g, H) with doubled fibres and their implications for T-duality in the following
subsection.

A sigma-model configuration is a map ¢ : W — M. For a given map ¢ : W — M, it
is convenient to choose an open cover W, ,y (labelled by o and an extra index r) of W
such that gb(W(mr)) C U,. Such a cover can be constructed as follows. The map ¢ can
be combined with the bundle projection 7 : M — N to define a map mo¢ : W — N.
Let Uy = Uy N (70 ¢(W)), so that {uq} with ug = ¢! o n1U, is a cover of W, with
P(ua) C Uy For some a, u, may be the empty set. Next, a good cover {W, ,y} is chosen
for each uq, uq = U;W(, ) with contractible W, .y, and W = Uqa W (4 ).

Then for o € W4y, ¢(0) € U, and the coordinates X! can be used. Using X! for
0 € Wa, and X for o € Wg q), for o € Wi, ) "W (5 5), the transition functions following

from ([7.5) are
X&' (0am) = (Lap)"n X5 (0(8,5)) = Pap(0(3,5)) (7.17)

and the transition functions do not depend on r, s (i.e. they are functions on ug).

Consider the transformation of X, (o) for o in the patch W, given by

@ a,r)

XM = ol k(X (0)) (7.18)

where the parameter ozz” )(O') is a function on W, . As the patch U, ~ Uy x T% in M

a,r
contains the entire orbit of the each k,, X, + X, remains in U, for each 0 € Wi, ).
Consistency with ([.J), (F-1)) requires that, for o € Wia,s) " W(g,s), the parameters patch
together according to

(o)™ = (Lap) " nlap,s)" (7.19)

,27,



As the transition functions (7.17), (F.19) do not depend on r, s, it follows that X,
are functions on u, and for some purposes it is useful to use the cover {u,} and write the
transition functions for X, (o), aa (o) for o in u, Nug as

aq = Lag, X" = (Eaﬁ)mnxg — Pl (7.20)

Note that the cover {uq,} is not a good cover in general — e.g. for the constant map
¢ W — Xy € M of the whole world-sheet to a point Xy € U,, for some patch U,,, the
corresponding patch u,, = W is the whole of W, and so this will not be contractible unless
W is. For a rigid symmetry with constant o, a different constant parameter ag is needed
in general for each patch ug, related by ([:20). The parameters are sections of a bundle,
and in general this has constant local sections, but not constant global sections.

Consider first the special case in which b is a tensor field with vanishing Lie derivative
with respect to the vector fields k,,, so that the gauging is through minimal coupling, and
Um = —Lmb. Defining L* = L, , the restriction of the ungauged sigma-model lagrangian
L(X (o)) to o € ug, then the coordinates X, can be used and

1 A 1 . ,
LY = §gijdXZ A xd X7 + §bijdXZ A dX7 (7.21)

where X = X! . This extends to a globally-defined lagrangian as
LY=L  inugNu (7.22)

The transformation (f.1§) with constant a, is a rigid symmetry of the lagrangian L®
for 0 € uy, and the question arises as to whether this extends to a symmetry of the full
lagrangian on W. This will be the case if different constant parameters are chosen in
each patch u, C W, with the transition functions ([.20). As the patching conditions for
the parameters depend on the choice of open sets {uy}, and this in turn depends on a
reference sigma-model map ¢ : W — M, this is not a proper rigid symmetry, but it is a
formal invariance of the theory.

The transformation ([.1§) is a rigid symmetry of the lagrangian L* on u, and this can
be gauged by introducing the minimal coupling

Do X! = 0, XM — C™k! (7.23)

o am

where the connection one-forms C,, on u, transform as
0CT" = 0™ (7.24)
The minimal coupling gives the gauged lagrangian
Lo = %gijDXi A*DXJ + %bijDXi ADXY (7.25)

where X = X!, C = C, and this is invariant under the local transformations ([7.15), (7.24)

on u,. This can be done in each patch, with a gauge field C, (o) for o € u, in each patch.
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These local gauged lagrangians will patch together to give a gauged lagrangian on M
that can be integrated over W if (7.22) holds. Using ([7.20)), this requires that the 1-forms

(Ca)l*do® have transition functions

Co = (Lap)Cs — dpag (7.26)

where dpqp is the pull-back dpag = do®0apps(X (0)). The C, are 1-forms on u,, so that
if one had introduced Cq,) on Wig,, then on the overlap W, ) N W, s the 1-form is
continuous C, ;) = C(q,4), and the full form of the transition functions could be written

C(a,r) = (zaﬁ)C(B,s) - dpaﬁ (7.27)

and do not depend on 7, s. Comparing with (7.4), C™ has the same transition functions as
the pull-back —AMAX! do® of —A, so that C is the connection of a bundle over W which
is the pull-back of the bundle M over N with connection —A.

As before, it is useful to write

cm =Cm 4 o™ (7.28)

where

Co=(-E'90_X, Cp=(¢+(E) 90X (7.29)

The field equation from varying C' is C' = C or, equivalently, ® = 0. The Cisa pull-back
connection, with transformation rules

C, = (Lap)™nCl, — 0aplis(X (o)) (7.30)
so that ® is a vector field with covariant transition functions
Oy = (Lap) " nPha (7.31)

in uq Nug. Any choice of ® (e.g. ® = 0) with these transition functions will give a C' with
transition functions ([7.26)).

Then for each patch u, there is a lagrangian L® that is invariant under the local
transformations ([7.1§), ([7.24). Further, if the gauge field C is a connection on the pull-
back bundle, i.e. if it has transition functions (7-24) (or equivalently ¢ = C 4 & for
any ® with transition functions ([.31)), then L* = L? in u, Nug and the lagrangian
is well-defined on W and invariant under ([7.1§), ([7.24) provided the local parameters
patch according to ([7.20). The parameters « are local sections of a bundle with GL(d,Z)
transition functions, and for non-trivial bundles, there will be no global constant section,
and hence no global limit of the gauge symmetry with constant parameters. This bundle
is characterised by its GL(d,Z) monodromies around 1-cycles, and so can only be trivial if
these monodromies are all trivial. The best one can do in general is to find constant local
sections, with the a constant in each patch, but with the constants in different patches
related by (7.20).

This can now be generalised to the case in which b is not globally defined, but H is
invariant. The gauging of the kinetic term involving the metric is as above. The map
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¢: W — M extends to a map ¢ : V — M where V is a 3-manifold with boundary W and
for any such map choose a cover {V,} of V with 7o ¢(V,) C U,. Then one can define the
lagrangian on V,

1 , : ;
Wz = gHigp DX A DX A DX* +G™ A vy DX’ (7.32)

with X = X,. Assuming U, is contractible, there are 1-forms v% in U, such that dv,, =
tmH. The vy, are determined up to the addition of exact forms, and the lagrangian L,
is gauge invariant provided the vy, can be chosen so that £;,v, = 0 and ¢(,,v,) = 0. These
patch to give a well-defined action provided Ly}, , = Lﬁ, 5 in VN Vg, and this requires that
the v are tensorial:

va = Lug (7.33)

These give the generalisation of the conditions for gauging a Wess-Zumino term to the case
of locally-defined Killing vectors. The connection has the same properties as above, and is

given by (7.29), ([.29) for any ® with the transition functions (f.31]).

7.3 T-duality for torus fibrations

Suppose M has d locally-defined Killing vectors with transition functions (F.1). If
tmtntpH = 0, then over each patch U, in N the construction of section 4 can be re-
peated to give a patch U, ~ U, x T?? with coordinates (Ya,Xa,)?a). This allows the
construction of a space M which is a T2¢ bundle over N that has fibre coordinates X, with

Xm
(3 o
and patching conditions (7.§), (7.1§). The one-forms ¢ defined by ([.§) are tensorial,
with transition functions (f.9). There is a B2, and vector fields k% in U, such that
the conditions for gauging are satisfied in U,, so that a gauged lagrangian L can be
constructed on u, (or V, for the WZ-term).
The vector fields k2 have the same tensorial transition functions as k%, k® = LkP

provided the By, given by B, = Ompn + LU, are tensorial
B, = Ln"L,'B, (7.35)

Then in each patch there are torus moduli £y, = GY,,, + B;),, and 1-forms 521,5%
The geometry in each patch is given in term of these by (B.2d), (B.34) (with the defini-
tions (B.39), (B-29), (B-27)) and these give a globally defined metric and 3-form as a result
of ([2), (7:37). For example, B = 1 B,,,&™ A £" is a globally-defined 2-form as B* = BP.

In each patch, U, ~ U, xT?¢, the space of orbits under the action of l%,?‘ﬂ can be thought
of as (~]a ~ U, x T?% with fibre coordinates )?m With the transition functions (.1G), these
patch together to give the dual space M. This is the dual affine torus bundle with the L
in the transition functions ([.5) for M replaced with L in the transition functions (7.16)
for M. T-duality in each patch acts through (6.23), (6.29) and lead to a dual metric g*

and 3-form H® in U, given by (6.10), (6.19), and these patch together to give a globally

defined metric and 3-form on M.
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8. Torus fibrations with B-shifts

8.1 B-shifts with Killing vectors

Returning to the set-up of section 4, suppose (M, g, H) has d globally defined Killing vector
fields ky,, with ¢p,tntpH = 0 but suppose that ¢,,¢, H is not necessarily exact. Then in each
patch U, there is a By, with

tminH = dBy,, (8.1)

and as ¢yt H is globally-defined, in overlaps U, N Ug, By, — BE, is closed, so that
B, =DBb +c&8 (8.2)
for some constants ¢, Then the transition functions for © are changed from (B to
O, — 08, = 2 — 1, dNSP (8.3)
As a result, the vector fields k defined by (f.6) are not globally defined,
ko = kB + 2Bk (8.4)

The condition that kf‘n, k:g have compact orbits in each patch, so that M is a T2 bundle,
1mposes a quantization condition on the constants cmﬁn If X™ ~ X™ 4+ 27R, )?m
X,n + 27 R for some R, R (with R = (2rkR) ™! if the conditions of section 5 are imposed),
then the quantization condition on the c is that (R/ E)C%ﬁn are integers.

In section 7, transition functions on M that mix the £ among themselves were consid-
ered, so that M is a torus bundle which is not pr1n01ple and (@) gives a generalisation in
which transition functions on M mix the k with the k: so that M is an affine 72¢ bundle
which is not principle. Then although the vector fields k,, are globally defined on M, the
Ky, are not globally defined on M. The 1-forms & have trivial transition functions £* = &7,

but
€ =0 +cben (8.5)
The transition functions for F = G + B are then

E* = EP 4 ¢ (8.6)

The T-duality transformation (f.23), (F-29) can now be applied in any given patch to
give a dual geometry with moduli E™" given by E* = (E*)~! in U,. If this is done in
each patch, then the transition functions (B.g) give the transition functions

E* = E%(1 4 *PEA)! (8.7)

for E* = (E*)~L. As a result, the geometries on each patch (Ua, 3, H*) do not fit together
to give a geometry on M as the transition functions for g%, H® followmg from (B.7) do
not give tensor fields on M. The transition functions for E (B.6)) are through an O(d, d;Z)

transformation (f.27) with
1 ¢
R (8.8)
01
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while those for E (B) are an O(d, d; Z) transformation with

~ 10
hoP = 8.9
(20 o

This is of the form h? = hTho‘ﬁh:;1 where hp is the T-duality transformation (6.39), as
expected from [[[9]. Then M is a T?% bundle over N which will in general have 0(d,d;7)

)

M(y) = (% pr) (8.10)

monodromy of the form

round 1-cycles « in M for some integers N(7). The transition functions are T-dualities,
giving a T-fold [I9]. Although the resulting background is not a conventional geometry on
M , it does give a good non-geometric background for string theory [[9], as the transition
functions are a symmetry of string theory.

In this case, there are global issues in understanding the T-duality from the point of
view of the gauged sigma-model. In any given patch, the T-duality can be achieved through
gauging the isometries generated by l%,?‘m giving a gauged lagrangian L®. However, these
cannot be patched together to form a global gauged lagrangian as (B.4) implies that the
transition functions mix the isometries being gauged with those that are not. Then the 7¢
generated by the k do not patch together to give a T bundle over N, and this leads to
the fact that the dual metric g and 3-form H are not globally-defined. One might instead
attempt to gauge the isometries generated by K}, = 12:3‘1 in U, and the isometries generated
by Kﬁl = l%ﬁl + cﬁfnk’g in Ug, and in this way try to define globally defined vector fields
K¢ that can be gauged. However, there is a topological obstruction to doing this if M
has non-trivial O(d, d; Z) monodromy, i.e. if there is at least one 1-cycle v with N(y) # 0.
If all monodromies are trivial, then one can construct a globally-defined B,,, by taking
By = By, in Uyy By, = Bﬁm + cﬁfn in Ug etc and so recover the set-up of section 4 with
globally-defined B,,.

8.2 B-shifts and torus fibrations

Consider now the situation of section 7 where (M, g, H) is a torus fibration with local

Killing vector fields in each patch with transition functions (7.1]), and supose tptnt,H = 0.
Then from ({.14))

d(B%, — LmPLyBY) = 0 (8.11)
so that

By, — LyPLyBh, = ¢ (8.12)
for some constants c%ﬁn The transition functions for the vector fields k are now

ko = (Lag)m"kl + 30 kj (8.13)

and the constants c2, satisfy the same quantization condition as in the last section, so

that the orbits of 12:, k are compact on each patch. The transition functions for the 1-forms
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are

521 - (Laﬁ)mngg
€% = (Lag)m"&l + ol g™ (8.14)

The transition functions are then through the O(d, d;Z) transformations

Lag ¢
pess — | FeB C ) (8.15)
0 Lag

In each patch one U, one can T-dualise using the formulae of section 6. This again gives
a T-fold, with transition functions h®® = hph®? h;l with h®? given by (B15).

9. T-folds and T-duality

The backgrounds considered here and in [19] are constructed from local patches that are
each conventional geometric string backgrounds. For torus fibrations, these patches are
of the form U, ~ U, x T% where U, are patches on the base N. In each such patch,
the background has a conventional geometry (U,, g%, H*) and U, is assumed to have d
vertical Killing vector fields k,, tangent to the torus fibres. The geometry (Uy, g%, HY) is
determined by a geometry (U,, g%, H*) on the base patch U, with metric §* and 3-form
H®, together with 7% moduli E%,, = G2, + B2, and the U(1)2 connections A", A% . The
A™ are the U(1)¢ connections associated with the T¢ fibration.

It was seen in section 4 that it is natural to use this data to construct a T¢ fibration
by introducing d extra toroidal dimensions to construct a patch Uy ~ U, x T with
U(1)24 connection 1-forms A, = (A7, A%,). Then there are 2d 1-forms £™, &, on U, whose
horizontal projections are A7', AD , and there are 2d Killing vector fields K. km tangent to
the fibres.

If tytntpH = 0, there is a natural action of O(d, d) on the geometry, with E transform-
ing as (f.27), A = (4, A) transforming as (p-39), €™, &, transforming as (5:28), (6.29) and
g, H invariant. The subgroup O(d, d; Z) is a symmetry of string theory, as two backgrounds
related by O(d, d; Z) define the same quantum theory.

The string background M is constructed by patching the U, together. In overlaps
U, N Ug, the patching conditions relating (E%, A%) to (E”, A?) are given by a U(1)%?
gauge transformation together with an O(d, d;Z) transformation h*?. The background is

geometric if the metrics ¢¢ and 3-forms H® patch together to give a metric tensor and
3-form on M. This requires that all the h5 can be taken to be of the form (B1H), so that
the monodromies are all in the geometric subgroup I'(Z) of matrices of the form (.39).
The k¢ will be globally-defined vector fields provided the transition functions are all of the
form (B.9), so that the monodromies are in the subgroup of matrices of the form ([6.3]).
For general T'(Z) monodromies, M is a T¢ bundle over N.

For O(d,d;Z) monodromies that are not in I'(Z), M is a T-fold. This can be viewed
as a manifold M on which the ¢¢ and H® do not patch together to give tensor fields on
M. Such T-folds are non-geometric backgrounds, but nonetheless can provide good string
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backgrounds [[J]. The transition functions in O(d,d;Z) x U(1)?*¢ can be used to patch
the Ua together to form a 724 bundle M over N with connection A. The km,Em will be
globally-defined vector fields on M only if the O(d, d;Z) monodromies are trivial.

The topology of the 7%¢ bundle M over N is characterised by the 2d first Chern classes
[F] € H?(N,Z) and the O(d,d; Z) monodromies g(7y) round 1-cycles v in N. An O(d,d;Z)
T-duality transformation h on these is [F] — h~1[F], g(y) — hg(y)h~L.

The orbits of the k,, define a space U/, ~ U, x T% c U,, and these patch together to
form a T bundle over N if the monodromies are all in the GL(d,Z) subgroup. In that
case, if tytntpH = 0 there is a gauged sigma-model on M in which the action of the k,, is
gauged, and this can be used to show that the action of the T-duality group O(d, d;Z) on
the geometry is a symmetry of the quantum theory, and it takes a geometric background
with GL(d,Z) monodromies to a geometric background with GL(d,Z) monodromies. This
extends the proof of T-duality to the case of torus fibrations with GL(d,Z) monodromies,
and this is the maximal case in which a complete proof can be given in the way discussed
here using a globally-defined gauged sigma-model. The condition that the monodromies
are all in GL(d,Z) is equivalent to the condition that ¢,t, H is exact.

In the general case, one can construct a gauged sigma-model in any patch U, in which
the symmetry generated by the kis gauged provided ¢p,tptpH = 0, and this can be used to
construct a dual geometry (ﬁa, g%, ﬁlo‘) on the space of orbits U, ~ U, x T?. For physical
effects localised within U,, the sigma model on the original geometry (Ua, g%, HY) and
the dual geometry ((7@,50‘, H @) give equivalent quantum theories, so one can in principle
use either. This dualisation can then be done in all patches. If the original background
had transition functions h*® € O(d,d;Z), the dual one has transition functions heb e
0O(d,d; Z) given by heb = hphot h;l. If the original space was a geometric background
with monodromies in I'(Z) with non-trivial B-shifts, so that the monodromies are not all
in GL(d,Z), the dual background is a non-geometric T-fold. A discussion of T-duality in
this general case can be given using the doubled formalism of [[J]; this will be discussed in
a separate publication.

The most general case requires the relaxation of the constraint ¢y,t,t,H = 0, so that
tmintpH gives constants in each patch, and the algebra of the Killing vectors k, k becomes
non-abelian. The results of [P§] suggest that T-duality should generalise to this case,
but the non-abelian structure leads to issues similar to those that arise in non-abelian
duality [B—Bg], so that the approach used here appears difficult to implement in that
case.
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